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Codes with Locality and Availability
— Motivation: Distributed Storage

— Known Bounds

AntiCodes and AntiCode-Based Construction
Our Results:

— Optimal Codes with Locality and Availability
Summary and Outlook



Locality

* Locally repairable codes (LRC)

— Erasure codes which allow local correction of an erasure
(using a small number of code symbols)



Locality

* Locally repairable codes (LRC)

— Erasure codes which allow local correction of an erasure
(using a small number of code symbols)

* The ith code symbol ¢;,1 <i <nofan|n,k,d] codeCis
said to have locality r if ¢; can be recovered by accessing
at most r other code symbols.

* An|n, k,d] code C is called r-LRC if all its symbols have
locality r.



Availability

* Codes with availability

— Erasure codes where one erased symbol can be
recovered in many different ways by using many
disjoint sets of code symbols



Availability

Codes with availability

— Erasure codes where one erased symbol can be
recovered in many different ways by using many
disjoint sets of code symbols

The ith code symbol ¢;, 1 < i <nofan|n,k,d] code C
is said to have locality r and availability t if ¢c; can be

recovered from t disjoint sets of other code symbols,
(called repair sets), where V|repair set| < 7.

An [n, k,d] code C is called (7, t)-LRC if all its symbols
have locality r and availability t.

If t = 1 then (7, 1)-LRC is an r-LRC.



(7, t)-LRC: generator matrix

Let G = (g119,| ---|g,) be a generator matrix of an
In, k, d] code C. The ith symbol of C has locality 7 and

availability t if there exist t sets RY, RS, ..., Rt € [n]\{i} s.t.
R} NRi=0,j # s € [t]
|IRY| < 1,5 € [t]

gi € span{g;}. oS € [t]



Example

* Binary [7,3,4] Simplex code S5
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* Binary [7,3,4] Simplex code S5
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* Binary [7,3,4] Simplex code S5

10 0 1 1 |0
c G=(0/1 0 1 0 |1
B 0 180 1 |1

Locality 2
Availability 3




Example

* Binary [7,3,4] Simplex code S5
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* Binary [7,3,4] Simplex code S5
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* Binary [7,3,4] Simplex code S5
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* Binary [7,3,4] Simplex code S5
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* Binary [7,3,4] Simplex code S5
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Example

* Binary [7,3,4] Simplex code S5
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Example

* Binary [7,3,4] Simplex code S5
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Simplex Codes

e Binary [2™ — 1,m, 2™ ] Simplex code S,,

Locality r = 2
Availability t = 2™ 1 —1

* Recall: The columns of the generator matrix G,,, of S,
are all distinct nonzero vectors of F}*.
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Bounds

Theorem 1 [GHSY12]. Let an [n, k, d] code C be an r-LRC.

The rate and the minimum distance of C satisfy
k r
o
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Bounds

Theorem 1 [GHSY12]. Let an [n, k, d] code C be an r-LRC.
The rate and the minimum distance of C satisfy

k r k
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Theorem 2 [RPDV14, TB14]. Let an [n, k, d] code C be an
(7, t)-LRC. The rate and the minimum distance of C satisfy
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Bounds

Theorem 1 [GHSY12]. Let an [n, k, d] code C be an r-LRC.
The rate and the minimum distance of C satisfy

k r k
dSTL—k— ; + 2

i S ;

R e

Theorem 2 [RPDV14, TB14]. Let an [n, k, d] code C be an
(r,t)-LRC. The rate and the minimum distance of C satisfy
k 1 t(tk—1)+1

— , dSn—k—[
= f 1

|+2

All the known codes that attain the bounds on the minimum
distance are defined over large alphabets.




Alphabet-Dependent Bound

Theorem 3 [CM15]. Let an |n, k, d] code C be an r-LRC over
[F,. The dimension of C satisfies

k < min{i’r + kgpt(n L 7' L), d)},

A=Y/

where kg . (n, d) is the largest possible dimension of a code

of length n, for a given alphabet size g and a given minimum
distance d.
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Alphabet-Dependent Bound

Theorem 3 [CM15]. Let an |n, k, d] code C be an r-LRC over
[F,. The dimension of C satisfies

k < min{i’r + kgpt(n L 7' L), d)},

A=Y/

where kg . (n, d) is the largest possible dimension of a code

of length n, for a given alphabet size g and a given minimum
distance d.

* Note that the rate of an (7, t)-LRC is at most the rate of an
r-LRC with the same parametersr,n, d.

=> The bound of Theorem 3 applies for an (7, t)-LRC.
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Alphabet-Dependent Bound

Theorem 3 [CM15]. Let an |n, k, d] code C be an r-LRC over
[F,. The dimension of C satisfies

k < min{i’r + kgpt(n L 7' L), d)},

A=Y/

where kgpt(n, d) is the largest possible dimension of a code

of length n, for a given alphabet size g and a given minimum
distance d.

e A code which attains this bound will be called CM-optimal.
e Example: binary Simplex code is CM-optimal.
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Alphabet-Dependent Bound

Theorem 3 [CM15]. Let an |n, k, d]| code C be an r-LRC over
[F,. The dimension of C satisfies

k < mln{lr + kqpt(n —i(r+1), d)}

ezt

of Iength n, for a giver
dlstan"Ou GOa\
\Nh\C“ are

e A co

e Example: binary Simplex code is CM-optimal.
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Anticode-Based Construction

* Proposed by P. Farell in 1970s to obtain
optimal codes which attain Griesmer bound

* Based on deleting certain columns from the
generator matrix of the Simplex code, where
the deleted columns form an anticode

11



Anticodes

A binary linear [n, k, §] anticode A is a set of codewords
in F}, with the maximum distance 6.

Distance of zero between codewords is allowed.
Let G 4 be a k X n generator matrix of A. If rk(A) =y
then each codeword occurs 2= times in A.

Due to linearity,

6 = maxwt(a)
aeA

12



Anticodes

* Abinary linear |n, k, 6] anticode A is a set of codewords
in [F, with the maximum distance §.

 Distance of zero between codewords is allowed.

* Let G4 be ak X ngenerator matrix of A. If rk(A) =y
then each codeword occurs 2%~ times in A.

* Due to linearity,

6 = maxwt(a)

aeA
Example:
1 1 O
A [3,3,2] anticode A generated by G4, = (1 0 1) is given by
0O 1 1

A = {(000),(110),(101),(011),(011),(101),(110),(000)}

12



Anticode-Based Construction

* LetS,, bea[2™ — 1,m,2™ 1] Simplex code with a
generator matrix G,,,.

* Let A bean |n,k, 6] anticode with a generator matrix G 4.

* Then G = G,, \ G4, the matrix obtained by deleting n
columns of G 4 from G,,,, is a generator matrix of

al2m™—1—-—n<m,2™ ! - §] code.

13



Anticode-Based Construction

* LetS,, bea[2™ — 1,m,2™ 1] Simplex code with a
generator matrix G,,,.

* Let A bean |n,k, 6] anticode with a generator matrix G 4.

* Then G = G,, \ G4, the matrix obtained by deleting n
columns of G 4 from G,,,, is a generator matrix of

al2m™—1—-—n<m,2™ ! - §] code.

Example:
100011100011101

e
c | 0100001101 Bl S Sy
+~1001001010110111 |4

000100101101111
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Anticode-Based Construction

* LetS,, bea[2™ — 1,m,2™ 1] Simplex code with a
generator matrix G,,,.

* Let A bean |n,k, 6] anticode with a generator matrix G 4.

* Then G = G,, \ G4, the matrix obtained by deleting n
columns of G 4 from G,,,, is a generator matrix of

al2m™—1—-—n<m,2™ ! - §] code.

Example:
100011100011101

o
c | 0100001101 Bl . S Sy
+=1001001010110111 )4

000100101101111
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Anticode-Based Construction

* LetS,, bea[2™ — 1,m,2™ 1] Simplex code with a
generator matrix G,,,.

* Let A bean |n,k, 6] anticode with a generator matrix G 4.

* Then G = G,, \ G4, the matrix obtained by deleting n
columns of G 4 from G,,,, is a generator matrix of

al2m™—1—-—n<m,2™ ! - §] code.

Example:

Gy \ Gy =

1000111

0100100
0010010

0001001

11101 S

11011 s

10111 |6« =|1 0 1
i1 gl

01111

generates a [12,4,6] code (which attains Griesmer bound)

13



Our Codes

* |dea: To apply anticode-based construction
with good anticodes which allow to achieve

— Small locality
— High availability
— CM-optimality\Griesmer-optimality\both
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Our Codes

* |dea: To apply anticode-based construction
with good anticodes which allow to achieve

— Small locality
— High availability
— CM-optimality\Griesmer-optimality\both
* We construct 4 families of such anticodes

e =>4 families of optimal codes with small
locality and high availability

14



AntiCode #1

* Let Ay, be an anticode such that all weight-2
vectors of length s form the columns of G 4_,.

S

Then A, is an [(2

).5,6] with § = [s2/4]

15



AntiCode #1

* Let Ay, be an anticode such that all weight-2
vectors of length s form the columns of G 4_,.

Then A, is an [(;) ,s, 0] with § = |s2/4]
* Proof:

— length: trivial
— Maximum distance 6 :
Note that G 4_,= incidence matrix of a complete graph K.

Then 6 is equal to the size of the maximum cut between a
vertex set of size i and its complement, for1 < i < s.

Such a cut is of size |s?/4].
15



AntiCode

e Example:
1
111000
1100110
6as: =1 010101] ©

001011
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AntiCode

e Example:
1
111000
1100110
Gas: =l 010101] &

001011



AntiCode

e Example:
1
111000
1100110 -
Gas: =1 010101] ©

001011



Parameters of Code (;

* Theorem 4. Let
— G, [2™ — 1,m, 2™ 1] Simplex code S,

S ;
— Gy, [(2) s, [s%/4]] anticode A ,,s < m

Then G; = Gy, \ G4, generates an

2 = (5,) = 1,m, 2™~ — |s2/4]] (r,£)-LRC C; with

locality 7 = 2 and availability t = 2m~1 — (;) By |

17



Parameters of Code (;

e Theorem 4. Let

— G, [2™ — 1,m, 2™ 1] Simplex code S,

S ;
— Gy, [(2) s, [s%/4]] anticode A ,,s < m

Then G; = Gy, \ G4, generates an

2 = (5,) = 1,m, 2™~ — |s2/4]] (r,£)-LRC C; with

locality 7 = 2 and availability t = 2m~1 — (;) By |

Proof (locality+availability):

Given a column g of G, there are t,,, = 2™~ ! — 1 two-dimensional
subspaces which contain g from which we remove at most

|CAS,2| = (;) whose columns belong to G4, .

17



Optimality of (;

e Theorem 4. Let

— G, [2™ — 1,m, 2™ 1] Simplex code S,

S ;
— Gy, [(2) s, [s%/4]] anticode A ,,s < m

Then G; = Gy, \ G4, generates an

2 = (5,) = 1,m, 2™~ — |s2/4]] (r,£)-LRC C; with

locality 7 = 2 and availability t = 2m~1 — (;) By |

Optimality of C;:
 Fors € {3,4,5} is CM-optimal
* Fors € {3,4}is Griesmer-optimal

17



Anticode #2

* Let Ajg,[,5—1] be an anticode with the generator matrix G 4:

— The columns of G 4 are all vectors in [F; with weights in
e G 1.1

* Agzs-11isa[2°—s—2,52°"" — 2] anticode

19



Parameters of Code Cj;

* Let Ajg,[,5—1] be an anticode with the generator matrix G 4:

— The columns of G 4 are all vectors in [F; with weights in
e G 1.1

* Agzs-11isa[2°—s—2,52°"" — 2] anticode
* Theorem 5. Let
— Gp: [2™ — 1, m, 2™~ 1] Simplex code S,
— Gy4:[2° — 5 —2,5,2°71 — 2] anticode Ag[p 51, s <m — 1
Then G;; = G, \ G4 generates an
[2Mm — 254+ s+ 1,m,2Mm 1 — 2571 4 2]
(2,t)-LRC C;; with locality 2 and availability t = 2™~1 — 25 + s + 1.

19



Optimality of Cy;

Let A,[2,5—1] be an anticode with the generator matrix G 4:

— The columns of G 4 are all vectors in [F; with weights in
e G 1.1

As2,s-1]i5a [2° — s —2,5,2°71 — 2] anticode

Theorem 5. Let
— Gp: [2™ — 1, m, 2™~ 1] Simplex code S,
— Gyq:[2° =5 —2,5,2°71 — 2] anticode A,y 5-1,s <m —1

Optimality of C;:
* Fors € {3,4,5}is CM-optimal
 Forall sis Griesmer-optimal

19



Anticode #3

* Let A,,_1 be an anticode with the generator matrix

1 000..00
G, = O Gal S G,,—1 is the generator matrix of S,,,_4
0

 Ap_qisa[2™ 1 m—1,2M"2 + 1] anticode

20



Parameters of Code Cy;;

* Let A,,_1 be an anticode with the generator matrix

1 000..00

Gq = O G , G,_1 is the generator matrix of S,,,_4
. m-—1
0

 Ap_qisa[2™ 1 m—1,2M"2 + 1] anticode

151 N

* Theorem6.G;;; =G, \ G4 = ( G
m—1

) generates an

[2m1 — 1, m, 22 — 1]

(3, t)-LRC Cy;; with locality 3 and availability
% {(2’"‘1—4)/3 for odd m
(2m~1-5)/3 for evenm

20



Parameters of Code Cyy;

* Let A,,_1 be an anticode with the generator matrix

1 000..00

Gq = O G , G,_1 is the generator matrix of S,,,_4
. m-—1
0

 Ap_qisa[2™ 1 m—1,2M"2 + 1] anticode

111...11

* Theorem6. G;;; =G, \ G4 = ( G
m-1

[270 -1 — 1, m 2™~ =]
(3, t)-LRC Cy;; with locality 3 and avail>*

{

Size of the largest - (2m~1-4)/3 for odd m

partial spread 2Mm~1-5)/3 forevenm
in F*—1

) generates an

Size of a spread
without one
element in F*~1

|

20



Optimality of Cy;;

* Let A,,_1 be an anticode with the generator matrix

1 000..00

G, = O G , G,_1 is the generator matrix of S,,,_4
: m—1
0

 Ap_qisa[2™ 1 m—1,2M"2 + 1] anticode

151 N

* Theorem6.G;;; =G, \ G4 = ( G
m—1

) generates an

[2m=1 _ 1,m,2m"2 — 1]

(3,8)-LRC Cpy1 Optimality of Cyy;:
 Forall sis CM-optimal
* Forall sis Griesmer-optimal



Anticode #4

* Let A, be an anticode with the generator matrix G4, = G,
the generator matrix of S

e Agisa[2%—1,s,25 1] anticode

21



Parameters of Code C;y,

Let A, be an anticode with the generator matrix G 4 = Gq,
the generator matrix of S
Agisa 25 —1,s,25 1] anticode
Theorem 7. G;y = G, \ G;, s < m — 1, generates an
[Zm - Zs,m, 2m—1 o 25—1]
(r,t)-LRC Cjy with locality 7 and availability t given by

o 2 f2<s<m-2
3 ifs=m-—1

((2’"‘1—1)/3 ifs=m —1and misodd
t=4(2™1-5)/3 ifs=m—1 andmiseven
| 2o if2<s<m-2

21



Optimality of Cyy,

Let A be an anticode with the generator matrix G 4 = Gq,
the generator matrix of S
Agisa 25 —1,s,25 1] anticode
Theorem 7. G;y = G, \ G;, s < m — 1, generates an
[Zm - Zs,m, 2m—1 o 25—1]
(r,t)-LRC Cjy with locality 7 and availability t given by

i 2 f2<s<m-2
3 ifs=m-—1

( )
Optimality of C;y:
* Forall s is CM-optimal
 Forall sis Griesmer-optimal

21



Summary

Ref. [n, k, d] Locality r Availability t
g [27-(5)-1,m,2™ = [s*/4]] 2 2™ (5) -1
Ci  [2"—2%+s+1,m, 2™ 1=25"1+2] 2 2 245+

) 27?1—1_4 f - Id
Cu [ i=1,m, 2m 2] 3 i

) 5 if m even.

9 i | Qm_gl_l if s=m—1, m odd,
_ o— S 1 s =m—1, m-1 e

v et {2 if s € [2,m—2] : 31 ® if s = m—1, m even,

am=l_9% if s € [2,m—2].

Ref. Optimal
Griesmer CM
Cy v, for s =3,4,5 v ,for s =3,5
C[[ -/,fOl‘S: 3?435 v
Crn v v
Crv v v

22



Some Numerical Examples

Reference n, k,d] r t Optimal Parameters
G. CM m S
Ci, Thm. 4 28,5,14] 2 12 v 5 3
25,5,12] 2 9 v 5 4
21,5,100 2 5 v v 5 5
60,6,30] 2 28 v v 6 3
57,6,28] 2 25 v 6 4
53,6,26] 2 21 v v 6 5
Cu, Thm. 5 [21,5,100 2 5 « « 5 4
38,6,18)] 2 6 v v 6 5
Cm, Thm. 6 [31,6,15] 3 O v v 6 —
63,7,31] 3 20 v VvV 7 —
Crv. Thm. 7 24,5,12] 2 3 v v 5 3
48,6,24] 2 16 v v 6 4
56,6,28] 2 16 v v 6 3



Outlook

* Constructions for binary C;, Cy7, Ciy7, Cry can be
generalized for any field IF ;.

— For g = 3, locality is always 2
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Outlook

* Constructions for binary C;, Cy7, Ciy7, Cry can be
generalized for any field IF ;.

— For g = 3, locality is always 2

* The symbols of codes C;, C;; have 2 (or 3 in some cases)
different availabilities.

— Derive tighter bounds for codes with different ‘?
availabilities C

24






